The most popular model for pricing options, both in financial literature as well as in practice has been the Black-Scholes model. In spite of its wide spread use the model appears to be deficient in pricing deep in the money and deep out of the money options using statistical estimates of volatility. This limitation has been taken into account by practitioners using the concept of implied volatility. The value of implied volatility for different strike prices should theoretically be identical, but is usually seen in the market to vary. In most markets across the world it has been observed that the implied volatilities of different strike prices form a pattern of either a 'smile' or 'skew'. Theoretically, since volatility is a property of the underlying asset it should be predicted by the pricing formula to be identical for all derivatives based on that same asset. Hull [1993] and Nattenburg [1994] have attributed the volatility smile to the non normal Skewness and Kurtosis of stock returns.
Introduction
The most popular model for pricing options, both in financial literature as well as in practice has been the one developed by Fischer Black & Myron Scholes. In spite of its wide spread use the model appears to be deficient in pricing deep in the money and deep out of the money options using statistical estimates of volatility. This limitation has been taken into account by practitioners using the concept of implied volatility. Implied volatility is the value of statistical volatility needed to be used in the standard Black-Scholes pricing formula for a given strike price to yield the market price of that option. The value of implied volatility for different strike prices should theoretically be identical, but is usually seen in the market to vary. In most markets across the world it has been observed that the implied volatilities of different strike prices form a pattern of either a 'smile' or 'skew'. Theoretically, since volatility is a property of the underlying asset it should be predicted by the pricing formula to be identical for all derivatives based on that same asset. Hull [1993] and Nattenburg [1994] have attributed the volatility smile to the non normal Skewness and Kurtosis of stock returns which is contrary to the assumption of Black-Sholes Model.
Many improvements to the Black-Scholes formula have been suggested in academic literature for addressing the issue of volatility smile. Corrado and Su [1996] have extended the BlackScholes formula to account for non-normal skewness and kurtosis in stock return distributions.
Their assumption is that if the volatility smile is due to non-normal skewness and kurtosis of the distribution of asset returns, this should be removed if the effect of this deviations is included in the pricing formula. The method suggested by them for incorporation of this deviation is based on fitting of the first four moments of stock return distribution on to a pattern of empirically observed option prices. The values of implied volatility, implied skewness and implied kurtosis have been estimated by minimizing the error between predicted and actual market option prices for all available strike prices.
In this paper we address the volatility smile pattern as observed in the NSE Nifty index options. This paper is organized into four sections. The first section discusses current and recent literature on this topic. The second and third sections present the applied model and the implementation details. The last section presents the conclusion of this study and the managerial implications thereof.
Literature Review
In all major markets across the world differing implied volatilities of options on the same underlying asset across different exercise prices and terms to maturity have been observed. In a recent study on the NSE NIFTY, Misra, Kannan and Misra [2006] have reported a significant volatility smile on NIFTY options. The results of their study show that deep in the money and deep out of the money options have higher volatility than at the money options and that the implied volatility of OTM call options is greater than ITM calls. Daily returns of the NSE NIFTY have been found to follow normal distribution with some Skewness and Kurtosis. These results suggest that the volatility smile observed in the NSE NIFTY options can be explained in some measure by the observed Skewness and Kurtosis.
To incorporate the effects of non-normal skewness and kurtosis into the Black-Scholes option pricing formula, Hermite polynomials have been used to get an expansion of the probability density function adjusted for skewness and kurtosis. Usually, this series is called Gram-Charlier.
For practical purposes, only the first few terms of this expansion are taken into consideration.
The resulting truncated series may be viewed as the normal probability density function multiplied by a polynomial that accounts for the effects of departure from normality. The GramCharlier series uses the moments of the real distribution. The Edgeworth series is similar to Gram-Charlier but uses cumulants instead of moments. Although the series are equivalent, for computational purposes the Gram-Charlier series seems to perform better than the Edgeworth series [Johnson et al., 1994] .
This approach was introduced in financial economics by Jarrow and Rudd [1982] , and it has been applied by Madan and Milne [1994] Jarrow and Rudd [1982] proposed a semi-parametric option pricing model to account for observed strike price biases in the Black-Scholes model. They derived an option pricing formula from an Edgeworth expansion of the lognormal probability density function to model the distribution of stock prices. Corrado and Su [1996] have adapted this extension developed by Jarrow and Rudd to extend the Black-Scholes formula to account for non-normal skewness and kurtosis in stock returns. While following the same methodology they used a Gram-Charlier series expansion of the normal probability density function to model the distribution of stock log prices. This method fits the first four moments of a distribution to a pattern of empirically observed option prices. The mean of this distribution is determined by option pricing theory, but an estimation procedure is employed to yield implied values for the standard deviation, skewness and kurtosis of the distribution of stock index prices. We have used the extended formula adapted by Corrado and Su [1996] for the NSE NIFTY index options to address the volatility smile reported. Corrado and Su [1996] have developed a method to incorporate effects of non-normal skewness and kurtosis of asset returns into an expanded Black-Scholes option pricing formula (Brown et. al. [2002] suggested a correction to this approach which was incorporated in Corrado and Su [1997] ). Their method adapts a Gram-Charlier series expansion of the standard normal density function to yield an option price formula which is the sum of Black-Scholes option price plus two adjustment terms for non-normal skewness and kurtosis. Specifically, the density function g(z) defined below accounts for non-normal skewness and kurtosis, denoted by μ 3 and μ 4 , respectively, where n(z) represents the standard normal density function. Using the function g(z), the value of the theoretical call price as the present value of the expected payoff at option expiration has been found out to be:
Framework/Model Applied
The above integral can be evaluated using the Gram-Charlier density expansion, and the evaluated option price is denoted as while the Black-Scholes option price formula is denoted as .
Where,
In the adjusted formula, the terms 3 measure the effect of the non-normal skewness and kurtosis on the option price .
For this study, we have used both the Black-Scholes formula and the modified formula as suggested by Corrado and Su [1996] to calculate option prices. Thereafter, the error in both cases has been calculated and tested for statistically significant difference using paired 't' test.
Empirical Study
We started the study by testing the fact that the Nifty closing values do not follow a lognormal distribution and that Nifty returns do not conform to the normal distribution. Figure 1 shows the frequency plot of Nifty closing values.
For the examination, we have computed the mean, standard deviation, skewness and kurtosis of the daily and weekly NSE Nifty returns since its inception. The values are reported in Table 1 .
The distribution of the returns is shown in (less than 100 contracts on a given day) was excluded from the study. Where BSISD stands for the Black-Scholes Implied Standard Deviation After all the input variables for the model are obtained, they are used to calculate theoretical option prices for all strikes within the same maturity series for the following day. Thus theoretical option prices for a given day are based on a prior-day, out-of sample implied standard deviation estimate. We then compare these theoretical prices with the actual market prices observed on that day.
Skewness and Kurtosis adjusted Black-Sholes option pricing formula
Next, we assess the skewness and kurtosis adjusted Black-Scholes option pricing formula developed by Jarrow and Rudd [1982] using an analogous procedure. Specifically, on a given day we estimate a single implied standard deviation, a single skewness coefficient, and a single excess kurtosis coefficient by minimizing once again the error sum of squares represented by the following formula. We then use these three parameter estimates as inputs to the Jarrow-Rudd formula to calculate theoretical option prices corresponding to all option prices within the same maturity series observed on the following day. Thus these theoretical option prices for a given day are based on prior-day, out-of-sample implied standard deviation, skewness, and excess kurtosis estimates.
We then compare these theoretical prices with the actual market prices observed on that day.
Hypothesis:
The total error in prediction of option prices for various strike prices by the modified Black
Scholes method is less than that by the original Black Scholes method.
Comparison:
The theoretical option prices thus generated using the two approaches are then compared with their actual market prices. For comparison, we compute the Error Sum of Squares (ESS) for the two approaches by summing the square of the difference between the predicted and the actual prices. These two ESS are then compared for statistically significant difference using the paired 't' test.
Results:
The paired 't' test of the samples of ESS results in a 't' statistic value of 7.57 which overwhelmingly rejects the hypothesis that the errors in prediction of option prices by the two methods are not significantly different.
We also do the comparison test independently for options of all four maturities. The 't' statistic values in case of each of the four separate tests are greater than the critical value for 95%
confidence level. Hence we can see that the modified Black-Scholes formula appears to price Nifty options much closer to the actual market prices. Figure 4 shows the calculated implied volatilities using the two methods. Black-Scholes implied volatilities are the usual volatilities required to be inserted into the BS formula so that it gives the market price of the option. For the modified Black-Scholes method, the skewness and kurtosis have been kept constant and equal to that obtained upon reducing the total error in pricing of options of all strikes for a given maturity for that day (as explained in methodology), and then the volatilities have been calculated as those required to be inserted into the modified BS formula so that it gives the market price of the option.
The volatility smile as observed for the BS model is significant, while that for the modified model the implied volatility curve is almost flat.
The detailed results tables are as follows: 
Conclusion and managerial/policy implications
The results obtained from the analysis confirm our hypothesis that the modified Black-Scholes model as put forward by Corrado & Su performs significantly better for NSE Nifty option prices.
We also see that the calculation process in the modified model is not very different from the Black-Scholes model. Since it does not add unnecessary complexity and still gives significantly better predictions of option prices, we recommend that this modified model should be looked at as a better alternative to the existing method.
This study also confirms that fitting of higher order moments of the distribution of returns is important, especially for options away from the money. This study also shows a way towards further work in this area. In this study, we have calculated implied volatility, skewness and kurtosis based on today's data to predict tomorrow's prices.
This can be extended to explore whether the modified approach gives significantly better prices for longer durations or not. A related study could be regarding comparison of returns achieved using trading strategies based on these two different models. It would be interesting to see if significant gains can be made using the modified BS model over the original model.
